We study a bosonic string with one end free and the other confined to a D0−brane. Only the odd oscillator modes are allowed, which leads to a Virasoro algebra of even Virasoro modes only. The theory is quantized in a gauge where world-sheet time and ordinary time are identified. There are no negative or null norm states, and no tachyon. The Regge slope is twice that of the open string; this can serve as a test of the usefulness of the the model as a semi-quantitative description of mesons with one light and one extremely heavy quark when such higher spin mesons are found. The Virasoro conditions select specific SO(D − 1) irreps. The asymptotic density of states can be estimated by adapting the HardyRamanujan analysis to a partition of odd integers; the estimate becomes exact as D goes to infinity.
Introduction
Before its reincarnation as a candidate for a fundamental Theory of Everything, String Theory first entered Physics [1] , [2] as an attempt to understand the spectrum and interactions of hadrons. This attempt enjoyed considerable success in at least qualitatively accounting for many experimentally observed features of Strong Interactions. For example, the Veneziano amplitude [3] exhibited DolenHorn-Schmid duality [4] , appropriate high s and high t behaviors, and linear Regge trajectories. The predictive power of the model was further increased by combining strings with the Quark Model. In this picture, a meson was represented as a quark-antiquark pair connected by a flux tube which behaved like a string. It thus became possible to place observed hadrons in leading or daughter Regge trajectories and predict the masses, spins and internal quantum numbers of mesons that were yet to be observed. In a similar way, Harari-Rosner [5] , [6] diagrams provided a useful way of explaining many qualitative properties of particular hadronic processes. This line of research was abandoned upon the almost simultaneous realization that the microscopic theory of Strong Interactions had to be based on an unbroken Yang-Mills theory and that String dynamics were really tailored for 10 or 26 dimensions.
In this note we would like take a modest backward step in history and present a qualitative model for the excited states of mesons consisting of one very heavy quark/antiquark (of the Charmed, Bottom or the Top kind) and one very light antiquark/quark (Up or Down) in terms of a string with one end fixed and one end free. In String Theory language, this system may be approximately described by using Dirichlet boundary conditions (placing the infinitely heavy quark at the origin of the space coordinate system, for example) at one end and Neumann boundary conditions at the other. The resulting system, which we will refer to as a Neumann-Dirichlet, or ND string, is worth examining not only as a guide to some expected properties of mesons with one very heavy quark or antiquark, but also for its novel String theoretic aspects. In fact, our emphasis will be more on the latter question, given that the data on Regge recurrences of such mesons is not available at this stage.
The plan of the paper and some of our main results are as follows. In section 2, we apply the ND conditions on the string in a natural adaptation of the light cone gauge of the NN string to our problem. This leads to what might be called a "rest frame gauge". The ND conditions only allow odd oscillator modes, which are then canonically quantized. The spacetime Hamiltonian and the world-sheet energy momentum tensor are given. In section 3, the Virasoro generators and their algebra for the ND string are worked out. The use of only odd oscillators implies that only even Virasoro mode operators survive and the central term is half that of the usual bosonic string. In section 4, the normal ordering constant for L 0 is calculated and found to have an opposite sign relative to the usual one; consequently, the ND string has no tachyon and no critical spacetime dimension. The absence of even oscillator modes and the tachyon have also been noted earlier in [7] . As excited states are now obtained using odd creation operators only, the spectrum is a subset of that of the NN string. We then present a simple classical model to check the mass-angular momentum relationship for the leading Regge trajectory. The asymptotic density of states can be calculated using a modified version of the Hardy-Ramanujan analysis for the open string. Section 5 ends the paper with concluding remarks.
Quantization
We start with the Bosonic string action in a D-dimensional Minkowski spacetime, hence
We fix the reparametrization and Weyl invariances of the action in the conformal gauge g αβ = η αβ . The general solutions of the equations of motion
can be Fourier expanded as
where l is a fundamental length introduced to ensure the correct dimensions for X µ . It is related to the string tension T by l = 2 πT . The range of the parameter σ is taken to be [0, π/2] for reasons which will soon be clear. We locate the infinitely massive quark at the σ = 0 end and also identify this point with the origin of space coordinates through the Dirichlet boundary condition
which gives x i = p i = 0 and α i n = −α i n for i = 1, 2, .., D − 1. In modern parlance, we confine one end of the string to a D0-brane [8] . We will also take x 0 = 0. We adopt the Neumann boundary conditions
for the massless end, which require that α µ n = 0 for even n. This resembles the vanishing of the even parity modes in the familiar ordinary quantum mechanics problem of a particle placed in a "half-oscillator potential", i.e., a well with an infinite barrier at x = 0 and a harmonic oscillator potential for x > 0.
Imposing the ND boundary conditions on the space components thus results in
with the reality condition yielding α i † n = α i −n as usual. We now turn to X 0 . Here, an analogy with the light-cone treatment of the NN string suggests itself. In the light-cone gauge, the τ -parameter is identified with one of the light-cone target coordinates via
and this sets the α + n operators to zero. Using the constraint equations, one then solves for the α − n in terms of the D − 2 independent transverse operators; hence there is no further need for imposing Virasoro gauge conditions on the states. By contrast, in old covariant quantization, all X µ are treated on an equal footing, but Virasoro conditions are imposed on the states.
In our case, only one end of the string describes a lightlike worldline, while the other is timelike; hence, the full light-cone gauge treatment is inappropriate. Instead, the natural analog of (6) is to identify the target space and world sheet "times" via
This eliminates the α 0 n modes and consequently, states with negative norm. We thus adopt an intermediate approach between light-cone and old covariant quantization. There will still be a need to impose constraint equations on the states, although these have been partially pruned by (7) . This will lead to a Virasoro algebra with special features which we can already anticipate: By fixing one end of the string in target space, we have broken Poincaré invariance down to SO(D−1) rotational symmetry about the origin of space. Just as in a mechanical problem with an infinite mass, we no longer expect momentum conservation to hold, while energy should still be conserved. This leads us to expect the L 1 and L −1 modes, which involve the momentum operator, will be absent; indeed, since any odd mode can generate these unallowed modes through commutation, only even Virasoro modes should be present. We will see that this actually happens.
We follow the conventional canonical quantization procedure by requiring that the canonical momenta Π and and the coordinates obey the equal time Poisson brackets
Insertion of (5) into this and the use of the formula
which may be obtained from the Poisson summation formula (a factor of cos
in the denominator of the LHS is omitted since it becomes unity when the argument of the delta function vanishes) yield the expected Poisson brackets ,
for the Fourier components.
Quantization is effected by replacing Poisson brackets with commutators with the result
This is a subalgebra of the bosonic string Heisenberg algebra, n, m being restricted to odd integers.
The Hamiltonian of the theory reads
with the gauge choice (7). The infinite ground state energy caused by the normal ordering procedure will be calculated and regularized later. The energymomentum tensor
has the components
3 An even Virasoro algebra
We now verify our earlier claim that the ND string leads to a Virasoro algebra of even modes only. Imposing open string boundary conditions of the usual NN type identifies the oscillators for the left-moving modes and the right-moving modes, leading to a single set of Virasoro operators. In the ND string, we not only identify left and right-moving oscillators, but in addition exclude the even modes. It is therefore not surprising that half of the Virasoro modes will be eliminated. These have to be the odd ones which cannot close upon commutation, while the even Virasoro modes obviously can. In order to compute them, we first observe that
where
Thus T ++ (σ) = T −− (−σ) as in the ordinary open string. Using this property and also the fact that for τ = 0
where m, being the sum of two odd integers, is now necessarily even, we arrive at the even Virasoro mode operators
The constraints T αβ = 0 can now be imposed by demanding L n annihilate physical states for n > 0 and L o = −ǫ C on the same states. The number ǫ C will be determined later.
Calling α µ 0 = lp µ , we can read off
L n = 0 (n odd).
We note that the Virasoro operators have their usual form in terms of the odd oscillator modes, hence it is clear that they will satisfy the familiar Virasoro algebra except perhaps for a change in the central extension term. This term is most easily calculated via the vacuum expectation value
where m is of course even and positive. The expectation value in the second line vanishes for k > 0 and for n > m, whereas the expectation value in the third line vanishes for n < 0 and for k < −m, yielding
where all the summations above are over odd integers. The second line is obtained by successive use of (8) and D − 1 = η ij η ij is the dimension of space. The summation in the second line, when taken over all integers, produces the wellknown Virasoro central extension term. Our odd-integer summation, in contrast, yields a modified central extension for the even Virasoro algebra of the form
It should be noted that the anomaly-free SL(2, R) subalgebra of the open string Virasoro algebra is now reduced to U(1). It is possible to recover a more familiar form for the central term by shifting
. This gives
Note that the coefficient D in the usual Virasoro algebra has been changed to
. The elimination of the odd Virasoro modes is seen to manifest itself as an apparent halving of the number of bosonic coordinates.
The spectrum
The on-mass shell condition comes from the zero mode of the Virasoro constraints T αβ = 0. Specifically, we derive the masses of the states at the quantum level from
where ǫ C is the Casimir energy which emerges upon normal ordering of the oscillators. We note that given one end is fixed, all the excitations will have to be analysed in their common rest frame. We thus combine
with the zero mode Virasoro constraint
In the above, we have performed the normal ordering. The Casimir energy is given by
Here R{.} denotes the regularized part of the expression inside the brackets. We regularize ǫ C via
where it is understood that the term that diverges as λ goes to zero will be discarded at the end.
Doing the summation, one finds that to second order in λ
from which we read off the regularized Casimir energy as . The mass formula thus becomes
where N is given by
Since N also denotes the highest spin at a given mass, we see that the ND string exhibits linear Regge trajectories, albeit with a Regge slope
πT which is twice as large as the usual α ′ N N . The reason behind this can be seen most clearly by comparing an NN string and an ND string both rotating in their rigid, maximum spin modes, the former about its geometrical center, the latter about the fixed end. When data on the excited states of mesons with one light and one extremely heavy quark/antiquark become available, it would be interesting to see whether this slope doubling is experimentally confirmed.
The above conclusions about the Regge trajectories are supported by examining an ND string undergoing rigid rotation in the X 1 X 2 −plane with
It can readily be verified that these satisfy both the equations of motion and the constraints of vanishing world sheet energy momentum tensor.
The energy of the configuration is
while its angular momentum turns out to be
The rotation being rigid, angular momentum per M 2 is maximised. The ratio of the former to the latter is the Regge slope, which again comes out to be
We can draw some important conclusions from (30). First of all, the vacuum state with no excitations (N = 0), is a positive mass state with M 2 = D−1 12l 2 , unlike the tachyon in the NN bosonic string. Hence the model has a stable vacuum. The second conclusion concerns the critical dimension for the ND string. From what we have seen so far, it might at first appear that the ND string can exist in any dimension D > 1. To see why this looks plausible, first recall that we eliminated the negative probability modes at the beginning by identifying X 0 with τ and setting all the α 0 n equal to zero. As the fixed end condition breaks D dimensional Poincaré invariance down to SO(D − 1), all we have to check now is whether this reduced rotational symmetry holds in the theory independently of the value of D. To show this, we can take over Polchinski's argument [9] used for deriving the critical dimension for the bosonic NN string: By seeking consistency between the Lorentz transformation properties of the states created by the oscillator modes and the mass formula, D = 26 emerges without having to check the closure of the Lorentz algebra. This amounts to verifying Lorentz covariance in representation space instead of on the operator algebra. In our case, all of the states come in irreducible representations of SO(D − 1) since they are created by the D − 1 space components of the oscillators, and they are all massive, as can be seen from the mass formula. Thus SO(D − 1) symmetry is realized on the states regardless of the value of D; in fact, as we will see below, the Virasoro conditions select specific SO(D − 1) irreps as states. However, the presence of an anomaly term proportional to D − 1 in our even Virasoro algebra renders this conclusion suspect; we will return to this paradox in the last section.
Turning to the spectrum, the first few examples are as follows: This means the asymptotic level density as N ≫ 1 and the Hagedorn temperature of the ND string will not be identical with those of the NN string. We can compute these quantities by slightly modifying the standard techniques given in, say, [10] . One can derive the number of states d n for N = n (or the multiplicity at level n of the partition function trw N ) via
We thus need to compute
where g(w) = n=1,3,5,... (1 − w n ). There is actually a subtle point here. The original version of this calculation is based on an entirely physical spectrum built out of D − 2 = 24 transverse oscillators in the light-cone gauge and therefore the d n represent the true number of physical states at a given n. Our calculation, in contrast, will yield the number of all of the states generated by combinations of the α i −m before the Virasoro conditions eliminate the unphysical ones. The relative error in this overestimation however decreases as 1/(D − 1) 2 with increasing D since the unwanted states come from the contraction of the space indices of two oscillators to give a scalar.
Now obviously
where f (w) = ∞ n=1 (1 − w n ) is related to the Dedekind eta function by
Here w = exp(2iπτ ) as usual.
Using the S-transformation property of the eta function
one gets
where q = exp(
).
To investigate the asymptotic density of states we look at the limit w → 1 for which
where A is a constant. Using (34) we have
12 ln w − (n + 1) ln w).
Performing the saddle point approximation in (35) around the saddle point
one arrives at the asymptotic expression for the level density,
where we have only displayed the dependence on the dimension of the space-time and the level n, omitting some multiplicative constants. One can compare this with the formula for the NN bosonic string in D dimensions [11] :
We observe that going from (36) to (37), the argument of the exponential changes from √ n to √ 2n, This stems from the fact that the ND spectrum is built using only odd spin oscillators, whereas in the NN string both odd and even oscillators contribute to create a state at level n. Nevertheless, one can see that d n (ND) > d n (NN) for D = 2 and D = 3, which is due to the relatively larger contribution of the longitudinal oscillator modes to the ND string for these low dimensions. For higher D, the exponential dominates as n goes to infinity and the NN string has the greater multiplicity at a given large n.
The level formula (36) shows that the Hagedorn temperature of the ND string is
.
Here we used the fact that α 
Concluding Remarks
The ND string described above may have some qualitative relevance for describing mesons with one very heavy quark and a very light antiquark. For example, finding such mesons on Regge trajectories with twice the slope of the light meson trajectories would be a confirmation of the picture proposed here. However, we believe the ND string is interesting enough to be considered on its own, just as the original bosonic string proved to have a significance beyond hadron phenomenology. We have shown that it is a bona fide solution of the string equations of motion obeying the constraints and exhibiting a characteristic spectrum: it is essentially the system obtained by viewing the open string from a frame centered at its mid-point and then throwing half of the string away. The constraints lead to a physical Hilbert space via a combination of modified Virasoro conditions and a choice of the τ parameter which eliminates negative probabilities. However, there are three questions that need to be answered; the first two turn out to be related. The first is the unaddressed expectation that the problem should involve an infinite mass associated with the fixed end. The second and the third involve the apparent conflict between two facts: On the one hand, the theory appears to be unitary and SO(D − 1) invariant for any D, while on the other hand, the presence of a non-zero anomaly term in the Virasoro algebra casts doubt on the possibility of imposing the constraints T αβ = 0 in a consistent way independently of the value of D. The answer to the first two questions is that although the ND string, unlike the bosonic or supersymmetric strings, does not sharply require a specific dimension such as 26 or 10, it nevertheless prefers D to be as high as possible.
In relation to the first question, we note that the mass of the scalar ground state is proportional to D − 1; hence an infinite D is consistent with one end of the string being immovable. Another consequence of this infinite D limit is that the group SO(D −1) with (D −1)(D −2)/2 generators and the full inhomogenous Lorentz group with only 2D − 1 additional generators "merge up to order 1/D" ; thus in a sense, the ND string recovers its Poincaré invariance as D goes to infinity. This is evidenced also by a fact we observed earlier: the overestimation in the density of states vanishes like 1/D. Interestingly, In the rather different approach to the problem taken in [7] , D has to be taken to infinity to make a saddle point calculation possible.
The third question, namely the presence of the anomaly term in the Virasoro algebra, gets affected by the above choice of D; the coefficient of the anomaly is now infinite. Since conformal invariance is violated by the immobile end, a conformal anomaly has to appear somewhere in the model; its becoming infinite is perhaps an indication is that like most other infinite quantities in physics, it is to be disregarded! Indeed, the problems normally associated with the conformal anomaly have already been solved: there are no negative norm or zero norm states, and the Virasoro conditions have organized and selected states into SO(D − 1) irreps.
Finally, there is the intriguing question, which we intend to investigate, of whether this system of half a bosonic string has in some sense a fermionic character. This is suggested not only by the general fact that a pair fermions behaves like a boson, but also by some specific hints. Instead of restricting the range of σ to π 2 and working with odd oscillator modes, one could keep the range as π and work with half-odd integer Neveu-Schwarz-like modes; recall also the halving of the number of dimensions appearing in front of the Virasoro anomaly noted earlier.
Note added: After submitting the above note to the Web, we were notified of two earlier papers [12] , [13] involving ideas related to ours. Ref. [12] is concerned with off-shell states in Dual Resonance models; in particular, it employs an R µ field with Neveu-Schwarz-like half integer but commuting modes for the factorization of amplitudes with one off-shell particle. Had we chosen the interval [o, π] instead of [o, ] for our X µ 's, we would have also obtained half-integer commuting modes instead of our odd-integer ones. In [13] , the D dimensions of spacetime are separated into D o ordinary and D E extraordinary components for the purpose of changing the intercept and the dimension to physical values. The analysis is based on maintaining Poincaré covariance in the ordinary dimensions while breaking it in the others by fixing one end of the extraordinary X µ coordinates. In contrast, Poincaré covariance is entirely reduced to SO(D − 1) covariance in our work.
